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Abstract 

We calculate the annihilator of the fcit-toral class for the p-groups Z p 2 x Z p k 
with k > 3. This allows us to give a description of the ku* -homology of the 
groups we are dealing with. 
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1 Introduction. 

We are interested in the structure of complex bordism of the p-groups Z p e x Z„fc . By 
Quillen's splitting theorem we know that it is enough to calculate the SP-homology. 
Using the results in pQ we proved in [I] that for the groups Z p 2 x Z p 2 and Z pe x Z p the 
fcw-homology contains all the complex bordism information. Indeed we constructed 
a set of generators of the annihilator of the /cit-toral class that are elements of BP{1) 
and that also are a set of generators of the annihilator of the BP-toral class. 

We conjectured in [4] that, for the groups of the form Z p e x Z p /=, the annihilator 
of the ku-toral class gives all the complex bordism information. In this work we 
obtain a set of generators for the annhilator of the ku-toral class for the groups 
Z p 2 x Z p k (with k > 3). 

We obtain that for the group Z p 2 x Z p k+i the annihilator of the fcw-toral class is 
given by: 

(p 2 ,pv {k - l)9 \v {kp+2)91 ). (1) 

This allows us to obtain the description (up to extensions) of the /cw-homology 
groups of Z p 2 x Z p k+i . 

We give constructive proofs, since we are interested in to adapt the results ob- 
tained in this work to other bordism theories, such as, -BP-homology. 



* Partially supported by Cimat and Fundacion Kovalevskaia. 
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2 Preliminaries. 

This work is a natural extension of [3] , we will use the same notation. 

Let ku be the connective complex K-theory. Let v be a generator of ^(ku) ~ Z. 
The canonical (non typical) Formal Group Law J 7 is given by: 

x +jr y = x + y — vxy. (2) 

For a fixed prime number p we will work with the local version of ku and the 
respective local version of (J2J). 

For any natural number n we have the formal power series (that is in fact a 
polynomial): 

p n -i 

[p n ](x)= 5> M x fe+1 

fc=0 

where a^^ n = (£ +1 )v k . We omit the dependence on n when it is clear from the 
context. 

For 1 < i < n the term a p i_x will be denoted by a 9i = Uip n ~ l v 9i . Here Ui is a 
unit in ku*. 

From here we will use the reduced version of ku* without further comments. We 
will denote by ku*(Z p t A Z p «) the reduced few- homology of the group Z p t x Z pn . 

The element ei jn G ku*(Z p n) (the bottom class) is the so called toral class. In 
the group ku*(7j p n AZ p t) we also have a toral class r, that comes from the canonical 
map Z 2 — > Zpn x Zp*. 

We have the Kunneth map k\ ku*(Z p n) ®fc M , fcw*(Zpt) — )• ku*(Z p n A Z p t). The 
image of the product of the toral classes ei jn £g> ei i4 under this map is r. This map 
is injective, therefore we have: annk Ut ( e i,n ® e i,t) = ann kuX T )- 

We have the Landweber split short exact sequence for bordism theories: 

— > ku :¥ {'L p t)® kut ku 1f {'L p n) — > ku*CL p t AZ p ») — )■ Tor^ M *(A:n <! (Zpt), ku^^Z^)) — >■ 0, 

therefore we have a direct sum decomposition of the group /cw*(Zpt A Z p n). As we 
did in [3] we approximate the first and the third term of this short exact sequence 
by an spectral sequence. 
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3 The spectral sequence. 



Let F the free /cw*-module in generators a^s for i > 1, that is, F = ®, ;>1 ku*oii. For 
natural numbers n > 2 and fc > n - 1 we consider the map 

d k+1 : F ®ku, ku^iZ^) — > F <g) fcu „ ku*(Z p n) 

where ah = if h < 0. Here at G A;-u* are the coefficients of the [p fc+1 ]-series. The 
elements oti®ej are the basic generators of F® k u t ku*(Z p n). Note that coker(<9fc +1 ) = 

We consider the chain complex: 

■ • • — > — y F ® kUt ku*(Z p n) — y F <g) feUt fc-u*(Z p n) — y — y ■ ■■ (3) 

where the only non trivial map is given by d k +i- 

Note that every element of the module F ® kUjr ku*(Z p n) has a unique expression 
modulo p n , therefore we can define a filtration: 

|c| = for c G ku*. \a,i\ = i(p k+1 + 1). \ej\ = j(p k + 1). 

We will denote by c[i, j] = ca.i® ej for any c G ku*. 

We will prove that when n = 2 and k > 2, in the spectral sequence associated 
to (J2J), there exist only two families of differentials given (up to units) by: 

— y pv k9l [i, j - %i] 
p[i,j] — y v h ^[i- g u j ~(kp + 2)g 1 ] 

Here h(k) = (kp + 2)g±. Note that the map we are using is d k+ \. 

When n = e = i; + 1 we obtain that there exist e families of diferentials given 
(up to units) by: 

P%3\^p e - t - l v h{t) [i-gu3-9t + i]. 
Here < t < e — 1 and h(t) — g t + g t+ \. 



4 Relations in F ®ku* ku*(Z p 2). 

In this section we construct relations in F® kUt ku*{7L v -i) that will be useful to control 
the combinatorics in the non filtered differentials. The main result of the section 
is Theorem 14. 2\ this gives an appropiate expression for p k [a,b] as an element of 
F ®fc„» ku*(Z p 2). In this section the elements G ku* are the coeficients of the 
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[p 2 ]-series. We will denote by a gi = U\pv gx . The sums X/i lcli>X/2 m-u anc ^ S-fk+i 
that appears in the Theorem, in general will be treated inductively of by Smith 
morphisms arguments. 

Recall that for any ordered pair of natural numbers with i,j > we have 
the Smith morphism 0y given by: 

F (8)^ fcii*(Z p n) — — *- F (g)^ ku*(Z p n) 



[a, 6] ^ [a-i,b- j]. 

These morphisms are compatible with 9 t . 

Lemma 4.1 For k > i/ie elements p n+k [a,b] with 1 < b < (k + l)g% are zero, in 
the tensor product F (g)fc u „ ku*(Zpn), . 

Proof: We proceed by induction on k. The case = is Lemma 5.1 of jl]. Now 
suppose the result is valid for < k. For k + 1 we proceed by induction on b. If 
1 < b < (k + l)gi the result follows from the inductive hypothesis. Now we suppose 
that (k + l)gi + 1 < b < (k + 2)g v We assert that 

/p-2 

p^ + i [a ^ b] = _ p k + ilj2a hn [a,b- 

\i=i 

Here the elements a^ n are the coefficients of the [p n ]-series, we will omit the depen- 
dence of n since it is clear from the context. To prove the assertion it suffices to 
prove that for 1 < j < n the element p k+l a gj [a 1 b — gj] = 0. The case j — 1 is just 
the inductive hypothesis; suppose j > 1. Since gj < {k + 2) g\ we have 

3-1 

j < J2p i <k + l, 

i=i 

therefore 

p k+l a 9j [a, b - gj ] = up n+k iv 9 i [a, b - g 3 \. 
Here kj — (k + 1) — j. Since 

b-g j <(k + 2)g 1 -g j = g 1 ^ + 2 - J < 9l (k + l-j) 
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the assertion follows by induction. To deal with the sum 

/p-2 

-P k+1 \y2ai[a,b-i] 

we can use an easy inductive argument on b — i since = up n v l where u G ku* is a 
unit. □ 
For an element [a, b] G F <g>k u * ku*(Z p 2) let denote by 

- 4M = E G + »>• 6 - 'i = E (, + 2 » - -I 

j=l ^ ' i=p ^ ' 

We also denote by (A + B)^ = + B^ b \ 

For a fixed natural number k > 2 we define Cfc(O) = (4(0) = 1, and for t > 1 we 
define 

Ck(t) = dfc-i(* - 1) + Cfe-i(t) dfc(t) = c fc _i(t). 

We set c 2 (t) = d 2 (t) = for t > 1 and d fc (t) = c fc (*) = if t < or k < 2. We 
also set f * = for t < 0. As usual, for a rational number g we denote by [g] the 
maximum integer function. For natural numbers t, r we denote by 

Ct = (-iy^u\ d t = (-iy^ C2t+1 (t) c r>t = (-iy+ r+1 u\c t+2r+1 ( r ). 

Theorem 4.2 For an element [a,b] G F ®ku t ku*(Z p 2) the following equality holds 
fork>2. 

p k+1 [a, b] = {-l) k u\pv kgi [a, b - kgi] 

+(-l)*u*- V*" 1 )^* 2 [a, b - (k - - g 2 \ 
[I] 

+ E c fe+1 (t)(-l) fc +'^" 2 > (fe " 2t)9l+t92 [a, b-(k- 2t) 9l - tg 2 ] 
t=i 

+4+i(t)(-l) fc+t ^~ 2 ^^ { ^ 2 ^ 1)9l ^ ( * +1)92 [a, b — (k — 2t— l) gi - (t + 1)02 

,Wa,b] W a > b l _i_Y^[ a ' b ] 
~TZ^l,k+l Z^2,k+1 Z^3,k+1 
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The terms of the last row are given by: 

EfeSi = E W^v^ (A + B ) [a ' b - t9l] , 



[a,b-tg 2 \ 



2 J n r,fc 



Efk+i = E E c,.,^-^-*- 1 ^^ (A + B) [a ' b - r92 - t9l] . 

r=l t=l 

Here the limit n r ^ = k — 1 — 2r. 

Proof: We proceed by induction. For k = 2 we have 

p 3 [a, 6] = -p (A^ + utfv 91 [a, 6 - g x \ + + v 32 [a, 6 - # 2 ]) 

= —p (A + B) [aM + uiv® 1 (A + B) [a ' b - 9l] 

+u j pv 2gi [ Q; ft _ 2 9l ] + Wl ^i+S2 [ a? ft _ ( 5l _|_ 52 )] _ p V S2 [ a> ft _ g, 2 ] . 

Since 02(1) = and i>* = for t < the result follows for k = 2. Suppose the result 
is valid for k > 2, we have for k + 2: 

p fe + 2 [a, ft] = (-l) fc w ^V 9l [a, ft _ fc^] + (-l) fc M ^V (fc ~ 1)si+92 [a, b-(k- l)#i - # 2 ] 
[I] 

+ E c fc+1 (t)(-l) fc ^^-V^ (fc - 2 ' )9l+t92 [a, 6 - (fc - 2t)<& - i<? 2 ] 
t=i 

+ 4+i(*)(-l) fe -M~ 2 *~ V fc_2 '- 1)fll ^ ( * + ^a, b- (k-2t- l) 9l -(t+ l)g 2 ] 

k 1 [ ~ ] 
+ E CtP*"*^ 1 (A + S)^' 911 + £ c ' t pk-2t v tg 2 ( A + B ^b-tg 2 \ 
t=0 t=l 

+ E E c ri ^ fe - 2r -^ r ^+^ (A + B ) la ' b ~ r92 ~ t9l] . 

r=l t=l 

By the relation imposed in the second factor we have that the expression: 

[I] 

(-l) k u k l p\ k9 ^[a,b-kg 1 ] + Y,c k+ m-^ k M'^ 

t=i 



is equal to: 

(-l) fe+1 ^ + V (fc+1)91 [a, b-(k + 1)01] + (-l) fc+1 M*u fcfll+fla [a, b-kg 1 - g 2 ] 

+ (-l) k+1 u^ 1 (A + B) la ' b - k9l] 
[|] 

+ E Cfc+1 (t)(-l) fe+1 -^^ 2t+ V { ^ 2t+1)9l+ * 92 [a, & - (k - 2t + l) gi - tg 2 ] 
t=i 

+ c fc+ i(t)(-l) fe+1 ^- 2 *t;( fc - 2 ^+(t+i)^[a,6- (k-2t) gi - (t + l)g 2 \ 

+ Cjfc+l ( i )(_ 1 )fc+l-t^-2^(fe-2t) ffl+ t 92 ( A + 5) [a,6-(fe-2 t)91 - t92 ] _ 

Therefore p k+2 [a, b] is equal to: 

(-l) fc+1 ^+V {fc+1)91 [a, & - (fc + l)£?i] + (-l) k+1 u k v k ^+^[ a , b-k gi - g 2 \ 

[I] 

+ E ( Cfc+1 (i) + 4(t - 1)) (-l) k+1 -^- 2t+ W k - 2t+1)gi+t92 W, b—(k — 2t+ l) 9l - tg 2 ] 
t=i 

+ c fe+1 (t)(-l) fe+1 -*^- 2 ^( fe - 2 ^ 1+ ( t+1 )^[a,6- (jfc-2t + l)^i -ty 2 ] 

+ (-l)fc+i M ^i(A + B) [a ' 6 - fe9l] 
[|] 

+ E c k+1 (t)(-l) k+1 - t u k - 2t v( k - 2t ^ +t ^ (A + 5 )M-( fe - 2 %i-^ 2 ] 
t=\ 

3,k+l 

+ (-l) fc -[l]4 +1 ([|]) ^" 2[l] "V (fe - 2[ ^- 1)91 ^([^ +1 ^ 2 [a, b - (k -2t - l) 9l -(t+ l)g 2 \ 

Note that the last term in the previous expression is not zero only when k is odd; this 
is the reason because we separated the powers of v in the statement of the theorem. 
This last term, in general, takes care of the cases that arise from the parity of k. 
If we take the first [|] — 1 terms of the sum 

[|] 

c fe+ i(t)(-l) fe+1 ^^- 2t t; { ^ 2 * )9l+ * 92 (A + jB )M-( fc - 2 %i-^l (4) 
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and we add with pYlsu+n we obtain 

r fc-2 1 

L 2 J n r,k+l 

Yl c ryt p k - 2r - l v r92+t91 {A + B ) [a ' b - r92 ' t9l] . 

r=l t=l 

Now, if k is even the last term of (jl]) is given by: 

Adding this term with pXllfk+i we obtain Y^2^+2- When k is odd, the last term of 
(@J is equal to: 

(_i) V MlCfe+1 f *Zli^ ^1+ (a + ^ 92] . 

Since 7ifc-i fe+1 = 1 we can add this term to p$^ifk+i> an d the theorem follows from 
the fact that Ck-i ;1 = (— lJ^WiCfc+i (-^r)- D 

Remark 4.3 From the inductive definition of the functions Ck{t) and (4(t) and 
from the fact that C2(£) = d,2(t) = for £ > 1 it follows that for k even: 

Cfc(t) = and d k {t) = for t > §. 

and 

c fc+ i (|) = 4 (| - l) 
= o 

c k+1 {t) = for £ > | + 1 
4 +1 (£) =0 for t > | + 1 

Remark 4.4 It is possible to have a compact presentation of these results but 
we are interested in to make accessible the material for the non experts. On the 
other hand, using this presentation it is possible to adapt these calculations to other 
homology theories. In fact we believe that we can make slight improvements of the 
formulas obtained in this work to collapse the respective spectral sequence for BP. 
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Now we are interested in construct a relation in F ®ku t ku*{^LS) in order to give 
potential differentials in the spectral sequence associated to ([3]) for k > 2. We begin 
defining inductively a family of polynomials with coefficients in Z( p ) . We define 

pg(t) =4W + 4-i(t) 

= a 0il d k (t) + a 0t2 dk-i{t). 

p1(t) = Po(o)(4W + + bo(o) - oo,i)4-2(t) 

= a ltl d k (t) + a 1)2 d k -i{t) + a lj3 d k -2{t). 

In general we will denote by a^i the coefficient of dk-i+i(t) in the polynomial pf (t): 

p k (t) = a^idk(t) + a ij2 dk-i{t) H h a M+2 4-i-i(t)- 

The coefficients a^i are given by: 

«i,i=Pti(0) a ii2 =pti(0), 

and for 3 < / < i + 2 we define = a%j,-\ — a%-\^-i. 

For fixed k and [a, 6] £ F Cgi/^ ku*(Z p 2) we denote by ,sj. ' 6 ' the term: 

p k+2 [a,b] + p k+1 ( Ul v^[a,b-g 1 }-u^v^[a,b-pg 1 ) - v^v^[a, b - f_ x9l }) . 

Here /j = (i + 3)g x + 1 for z > —3. 

It is not difficult to verify using Theorem 14.21 that as an element of the tensor 
product F /ru*(Z p 2) the term S k is equal to: 



\k-2] 



E dfc.jfc-iWC-l)*"*"*" 2 *" 5 ^^* 91 ^ ^^, b- (k + tg 1 + f ) 9l ] 



t=o 



+4-i,^ 2 (t)(-l) /c+ ^" 2 ^ 6 ^ (fc - 2t - %1 ^ (m)92 - 391 [a, b - (k + (t + A)g x + 2)^] + £ 

Here dk,k-i{t) — d k {t) + dk-i(t) and £ is the sum of the terms £[^+ 2 f° r i = 1 } 2, 3 
and the respective terms that arise from the multiples of p k+1 . In general we will 
ignore this terms since they can be treated by Smith morphism arguments. 
For 0<n<fc-3we define the element in F £§>£■„ kuA7L n i\. 



5ff = E^(o)«i (2,+ V-Ki-k] 

i=0 
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Proposition 4.5 In the tensor product F kuJ^L v -i) for < n < k — 5 the 
element <Sj, a ' b ' — p k+1 S^ is equal to: 

[|-i] 

E (-l) fc+ % + iW^ {2n+2m V (M ' n) [«,fc- f(k,t,n)] 
t=o 

+ (-l) fc+ V^i(t)^ _(2n+2 * +8) v ftl(fc ' t) ^ /l2{t ' n) [a,fc - h lj2 (k,n,t)\ + £. 

Here f(k,t,n) = {k + (t + n + 4)g 1 + 1)^, h^k.t) = (k — 2t — 3)g 1 , h 2 (t,n) = 
(t + 2) (72 + fn9i an d h,2 t i{k,n,t) = hi(k,t) + h 2 (t,n). The element is the sum 
of the terms En^ f° r * = 1? 2, 3 and the respective terms that arise from the 
multiples of p k+1 . 

Proof: We proceed by induction on n. For n = 0we have that 5 — p k+1 S is equal 
to: 

M 

E 4, fe -i(0(-l) fe+ *^- 2t -V (fc+t91+/o)91 [a, & - (k + t 9l + f ) 9l ] 
t=o 

+4^i, fc - 2 (t)(-i) fc+ '^- 2 ^% (fc - 2 *- % ^ (i+4)92 - 391 [«, b-(k + t 9l + f + p)gi] + E 
[I] 

+ E pm^ + i{t){-l) k+1+t u k - 2t ~ V fc - 2 *- %1+(t+3)92 K 6 - (fc + 1 + (i + 3) gi ) gi ] 

t=0 

+^(0)4 + i(t)(-l) fe+1+ ^^ 2 ^ 6 ^ ( ^ 2 ^ 1) (7i^ (m)92 - 591 [a, 6 - (A; + 1 + (t + 3)0i + 

The terms of the sums when t — are canceled. Since we have that 4(i) + dk-i(t) — 
PoCfc+i(t) is equal to: 

Cfc _i(*) + c fe _ 2 (t) -pg(0)(d fc (* - l) + c fc _i(t) + 4-i(t - i)) 
= c fe _ 2 (t) - pg(0)(d fc (* - 1) + 4-i(* - 1)) - c fc _i(f) 
= -pg(0)(d fc (* - 1) + 4-i(t - 1)) - 4- 2 (t - 1) 

This gives the terms for < t < [| — 2] . 

Now let see the behavior when t = [| — l] . We will only consider the case when 
k is even; the case when k is odd is proved using exactly the same argument. We 
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have by Remark 14.31 the following equality: 

P k o(0)c k+1 (£) = p k (0)d k Q-l). 
We have by definition that: 

Pi Q - i) = Po fc (o) (4 (| - i) + *-i (| - 1)) + (pS(o) - - 1) • 

But 4-2 (| — l) = 4-1 (| — l) = 0. On the other hand we have: 
p fe (0)4 + i (| - 1) =p fc (0)c fc (|-l) 

= Po(0) (c fe _x (| - 1) + 4-i (| - 2)) 
= p k (0) (4-1 (I -2) +4-2 (|-2)). 

We also have: 

Pt 1 Q " 2) = pj-^O) (4-1 " 2 ) + 4-2 Q - 2)) + (pg- 1 (0)-ao, 1 )d fc _ 3 Q - 2) . 

Since 4-3 (| — 2) =0, the result follows for n — 0. Now suppose the result is valid 
for < n < k — 6; for n + 1 we have that the term: 

-p k+1 p k n+1 (0)ui i2n+7) v f ^{a,b - f n+l9l ] 

is equal to: 

[|] 

EPn + i(0)^ + iW(-l) fe+1+ '^" 2 *~ 2n "> ( ^ 2<+/ " +l)9l+<92 [^ 6 " (* - 2t + f n+1 ) 9l - tg 2 ] 
t=o 

+^ +1 (0)4+iW(-l) fc+1+ *«^ 2t " 2n_8 ^ (fe "^ _1)si ^ F " +l( * ) [a ! 6- (k-2t- l) gi - F n+1 (t)} 

Here F n+ i(t) = f n+1 gi + (t + l)g 2 - We have that p k n+l {Q)c k+1 {t) - p* +1 (t) is by 
definition: 

(Ti+3 \ n+3 

^JOn+l,i ) c fe+l(^) ~~ Qn+l,i4+l-i (£) ■ 
i=l / i=l 

We also have that a n+ i i i(c / « + i(t) — 4(^)) = a n+i,i(4(^ — 1) + 4-i(^ — 1))) an d f° r 
1 < i < n + 2: 

an+i,i+i(cfc+i(t) - dfc-i(t)) = a n+lji+1 (4(£ - 1) + djfc-i(* - 1) H H 4-i-i(£ - !))■ 
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Therefore we obtain that p* +1 (0)cfc + i(£) — pfc +1 (t) = £>Jj +2 (t ~ !)• This takes care of 
the terms with < t < [| — 2] . Finally note that for k even: 

P k n+1 (0)d k+1 (l - 1) = p* +1 (0) (<*_!(! - 1) + 4-i(f - 2)) 

= ^ + i(0) 2) + 4- 2 (|-2)), 

since Cfc_2(| — 1) = 0. We also have that: 

p5S (} - 2 ) = pfci(°) - 2 ) + (} - 2 )) > 

since 4-3 (f ~ 2) = 0. We have by hypothesis n < 5, this implies that p k +1 (0) = 
Pn+i(0)- On the other hand 

^ +1 (0)c fe+1 (|) = p k n+1 (0)dk (| - 1) 
since (|) = and 4-i (f — l) = 0. This completes the proof for k even. □ 

5 Calculating the differentials for Z & x Z p 2. 

In this section we construct in Theorem 15.51 the two potential differentials of the 
spectral sequence of the group Z p k x Z p 2. In Proposition 15.61 we prove that the 
elements that can give rise to other differentials are in fact permanent cycles. This 
will prove that ([I]) is the annihilator of the ku-toral class for this group. Also it will 
give us a presentation (up to extensions) for the /cu-homology of the g roup Zjpk x Wjp2 . 

We will denote the elements of the [p 2 ]-series by = Wip 2 v l for < i < p 2 — 2 
with i 7^ g% and by a gi = u\pv 91 . Here ui is a unit in ku*. Recall that a 92 = v 92 . 
For k > 2 we will denote the elements of the [p fc+1 ]-series by a^+i = Zip k+l ~ t v l if 
g t < i < g t+ i for 1 < t < k + 1; we will denote a gt ^+i = y t p k ~ t v 9t . Here y t is also a 
unit of ku*. Recall that for any natural number k the element a 0j fc of the [p fc ]-series 
is given by p k . 

Remark 5.1 It is not difficult to verify that Ejfk+i an d E;Tk+i are Smith mor- 
phism images o/E-^k+i- On the other hand we have that: 

ESi = EE CtWiP k ~ t+1 v i+t91 [a, b - (t 9l + i)} 

t=0 i=l 
fc-lPSi-l 

+ E E c t w j+gi p k - t v^ t + 1 ^ [a, b-(t+l) gi - j] 

t=0 j=l 
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Therefore, in order to prove that Eik+i + E-fk+i + Elfk+i * s an e l emen t oflmdk+i 
we only consider the element: 

k-l 

c t w lV k - t+l v^ +1 [a, b - (t 9l + 1)] + c k ^w pP v k91+1 [a, b - (k 9l + 1)]. 

t=o 

The following result gives a family of elements that are on lmdk+i- 

Lemma 5.2 The elements pv k9l [a,b] with 1 < a < g 2 and 1 < b < gf are on 
lmdk+i- Moreover, we have (up to units): 

d k+1 ([a, b + kg!} + low) = pv kgi [a, b}. 

Here, as usual, "low" stands lower filtration terms than [a, b + kgi]. 

Proof: The fact that pv k91 [l, 1] G lmdk+i is item a) of Theorem 15.51 Now suppose 
we have proved the assertion for pv h91 [l, b] with b < g\. We have that 

d k+1 ([l, b+l + kgi]) = p k+1 [l, b+l + kg x ] 

= {-i) k u k pv k9 ^ b + 1] + Eltlx + E5£ + i + ESS-i 

By the previous remark we only analize: 

k-l 

c t w lP k - t+1 v^ +1 [l, (k - t) 9l + b}+ c k ^w p pv k ^ +1 [a, b}. 

t=0 

The last term is in lmdk+i by the inductive hypothesis. For < t < k — lwe 
proceed by reverse induction on t in order to prove that 

p k - t+1 v^ +1 [l,(k-t) gi + b] e lmd k+1 . (5) 

For t = k — 1 we have that 

P-2 

pVfc-ijw+i^^ + = - £ w i pV fc - 1 te 1+i+1 [l,& + - i] - Wx^i+lpfl^] 

i=0 

-E%+ ff i^ fcffl+i [i^-il- 

3=1 

By the inductive hypothesis on the second coordinate, we only have to consider 

p-2 

- w iP 2 v^- 1)9l+i+1 [l,b + 9l -i)- Ul v k9l+1 p[l, b). 

i=0 
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Therefore, by a Smith morphism argument the assertion follows for t = k — 1. 
Suppose we have proved that for < t < k — 1 the term §5§ is an element of 
lmdk+i- For t — 1 we have that the element p fc -*+ 2 ^(*^ 1 )f 1 + 1 [l ? (k — t + l)gi + b] is 
equal to: 



(-ir» w» +1 [i, 6] + E ?£U + E ££U + E £u +2 



[l.b'] , V^[l,b'] , ^[l,b' 
l,k-t+2 / 2,k-t+ 

Here b' = (k — t + l)gi + b. Again, we only consider the sum 

k-t 

J- pfc - t - tl +2 u (t +tl -l) S1 +2[ L6 + ^ _ t _ ^ + ^ _ ^ 
ti=0 

We only have to verify that p fe -*+ 2 t;(*- 1 )fli+ 2 [l J 6 + (jfe - t + 1)5-1 — 1] G Im9 fc+1 . This 
follows by an inductive argument on the second coordinate. Suppose we have proved 
the Lemma for 1 < a < g 2 and 1 < b < g\. We have that dk+i([a + 1, a + kgi]) is 
equal to: 

p-2 p 2 -2 
i=0 i=p 

By a Smith morphism argument we will only prove that: 

p k+l [a + l,l + kgi] G Im d k+1 and p k v gi [a + 1 - g l , 1 + G Im <9 fc+ i . 
We have that p fc+1 [a + 1, 1 + fcgi] is equal to: 

(-i^pv^ [a + 1, i] + y: Kx 1+kgi] + E Ki 1+kgl1 + E Ki 1+kgl] • 

A reverse induction argument on t proves that each term of the sum 

k-t 



J2p k - t+1 v t9l+1 [a,(k-t) gi } 



t=o 

is the image under dk+i of a "low" filtration term. We have that the element is equal 
to: 

p k v 91 [a + 1 - gx, 1 + kgi] = {-l) k - 1 u k ~ 1 pv k91 [a + 1 - g 1} 1 + g ± ] 

+c fe (l)(-l) fc - 2 n^V (fc_1)si+92 [« + 1 - 9i, 1 + - 02] 
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Here a' = a + 1 — g\ and b' = 1 + kg\. By the inductive hypothesis, we have only to 
verify that 



fc-2 

.,./[ 



ctwtp^v^ia + 1 — gi,(k — t) 9l ) 



t=0 

It is easy to verify that each summand is on lmdk+i and it is the image of a "loud' 
filtration term. □ 

Corollary 5.3 We have up to units: 

d k +i(\p, gl + kg! + 1] + <?? + (k + l)gi + 1]) = pv kgi [p,gl + 1] + d k+1 (low). 

Remark 5.4 We have by Proposition 14.51 that if k > 5, a = p and b = (p + l)g\ + 1 
the term + P k+1 <S^k-5 * s ec L ua l to: 

(-i) fc+ Vfc:I(t)Mr fc " 2 * +2 ^ hl(fci * ) ^ ( ' l2( '' fe ~ 5)) [p, ft - hid + s - 

It is not difficult to verify that this sum is equal to: 

(-i)Vt 4 (0K fc+ V (fcAfc - 5) [p, i + gl] + (-i) fe+ VL 4 (iK fc+ V /(M ' fc ~ 5) b, i] + s. 

This last term is zero modulo dk+i{low) by Lemma [5.21 
Theorem 5.5 For k >2 we have (up to units) that: 

a) d h+1 ([l,kg 1 + l])=pv k n[l,l] 

b) d k+1 (p[p, (pk + l) 9l + 1] + low) = v^ +2 ^[l, 1] 
Proof: To prove item a) we only have to verify that: 

E [1,1+kgi] [1,1+kgi] , [1,1+kgi] _ n 

l,k+l 2,k+l "T^3,k+1 — u ' 

as an element of F ®ku« ku(% v i). By Remark 15.11 it suffices to prove that: 

fc-i 

c t w lP k - t+1 v t91+1 [l, (k - t)g x ] = 0. 

t=o 

By Lemma [4.11 we have that: 

p k - t+1 v t91+1 [l,(k-t) gi } = 0, 
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and a) follows. 

To prove item b) for k = 2 we first verify that the following expression is zero 
modulo ds(low). 

-p 2 (A + £)[p.(2p+i)si+i] + u± 1 v P9l p(A + J B)[ p '32+ 1 l 

+uY 3 v 292 - 39l p{A + ^Msi+i] _ u ± 2 v 2p91 (A + £)b,9i+il. 

We only have to consider the first two terms since Lemma 15.21 takes care of the last 
two. For 1 < j < p — 2 we denote by Zjp^v^ the j'-th coefficient of the [p 3 ]-series and 
by yip 2 v 91 the gi-th coefficient of this series. Note that the elements Zj and y\ are 
units in ku*. We have that 

p-2 p-2 

E d 3 (wipv l [p, (2p + 1)511 + 1 - i)) = E Wip 4 v l [p, (2p + l)#i + 1 - i) 

8=1 i=l 

p-2 p-2 

+ E E WiZ n p A v i+h [p - zi, (2p + l)gi + 1 - i] 

i=l ii=l 

+ E u^ipV+^fl, (2p + l) 9l + 1 - i]. 

i=l 

and 

p-2 p-2 

- ^ <9 3 K?/i?/ +91 [1, (2p + 1)^ + 1 - i)) = - nj t y lV l+9l p% (2p + l) 9l + 1]. 

i=l i=l 

Therefore modulo d^{low) we can replace —p 2 A^- p ^ 2p+1 ^ 91+1 ^ by 

p-2 p-2 

J2 J2 w i z hP 4vi+h \p-k, (2p + l)9i + 1 - *]• 

i=l ii = l 

Now an easy inductive argument proves that this expression is zero modulo d^{low). 
On the other hand we have that: 

pgi-l 

d 3 (w H9l v 9 ^[p,2p gi + l-j]) 

i=i 

is equal to 

pgi-l pgi-l P-2 

E P 3 w i+9l w 9l+J [p, 2p^x + 1 - j] + E E P 3 w j+gi z h v 9l+:l+ll [p - i 1 ,2pg 1 + 

j=l j=l ii=l 

pg\-l 

+ E w j+gi yiP 2 v 29 i +j [i,2p gi + i-j). 
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To deal with the last row of this expression we only consider those terms that are 
not divisible by p 3 . It is not difficult to verify that the sum: 

p-2 

yiw hp+9lP 2 v^ [1, 2 P9l + (6) 

h=l 

is equal to: 

x hP v ph+3 ^ [1, ( 9l ~h)p+l] + J2J2 Xt,hPV ph+39l+t [l, (9i -h)p+l-t). 

h=l h=l t=l 

This last expression is zero modulo d^(low) by Lemma [5.21 Therefore applying an 
inductive argument in the first factor, we have proved that the term — p 2 B^ p,<y2p+l ' >9l+l ^ 
is zero modulo d^low). Now we want to treat the term Ui 1 pv P9l A ]j> ' 92+1 ^; for to do 
this we consider the following: 

p-2 

J2d 3 (v^ Wl [p,g 2 + l-t]). 
i=i 

This expression is equal to: 

p-2 p-2 p-2 

^2 Wip 3 v P9l+l [p, g 2 + 1 — i] + Yl J2 WiZ h p 3 v P9l+l+H \jp — ii, g 2 + 1 — i\ 

i=l i=l i\ = l 

p-2 

+ J2wiyiP 2 v 92+i [l,g 2 + l-i}. 

i=l 

The last row of the previous formula es equal to: 

p-2 p-2 pgi-i 

J2x iP v 92+91+ %pgi + 1 - i\ + Yl x i>t pv 92+91+t+ %pgi + 1 - (i + t)}. 

8=1 1=1 t=l 

All the terms of the sum are Smith morphism images of the first one (we will ignore 
the coefficients Xi and x^t). Therefore we only analyze the element pv 92+9l+1 [l,pg\]. 
We have that 

d 3 (v p ^ +1 [l, (p + 2)&]) = pV^ +1 [l, (p + 2) 9l ] 

= ulpv^+^+^pgx] - c 3 (l)2w 92+rai+1 [l,£i] 

_L „P9i+l ( ST [l.(P+2)gi] , [l,(p+2)gi] , [l,(P+2)gi] 
' u I 1,3 TZj2,3 33 
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By Lemma 15.21 and Remark 15.11 it is enough to verify that the term: 
1 

c t w lP 3 -V t+p ^ +2 {l, (p + 2 - t) 9l - 1] + c fc _! w p pv^ +2 ^ +2 [l,p 9l - 1], (7) 

4=0 

is an element of d^{low). The term d 3 {cQWiv P91+2 \i, (p + 2)<?i — 1]) takes care of the 
case t = in the expression (JTj). When t = 1 it is easily seen that the following 
equality holds: 

pgi 

p 2 v 92+2 [l,g 2 - 1] = ^x^+^ +2+i [l, m - (i + 1)]. 

Therefore we have to prove that: 

p V 92+9i+2{i iPgi _ i] = o mod d 3 (low), 

but an easy inductive argument in the second factor gives the proof. For the term 
u - l pv pgi B^ 2+1 ^ we have that: 

2 

P91 9 i 

u^J2^+ 9l P^ g2+j \P,P9i + 1 - J] = u^ 1 J2^pv {p+2)9l+ %g 2 1 - t] 

3=1 t=0 

and by Lemma [5.21 this last expression is zero modulo d^{low). Therefore we have 
for k = 2 that dk+i(p[p, (pk + l) 9 i + 1] + low) is equal to: 

yipV 1 [1, (2p + l) 9l + 1] + Ul y lP 2 v 291 [1, 2p 9l + 1] - u^y lP 2 v 92 [1, 92 + 1] 

and this last expression is equal to: 

u^ yi v 292 [l, 1] - y lP v 9l {A + #)[i>(2p+i)9i+i] _ u-^pv^^A + B)! 1 ' 83 ^. 

We verify that the sum 

p-2 

J2d k+ i(yiv 9 ^%(2p+l) 9l + l-t]), 

takes care of the term — y lP v 9l A^ 2p+1 ^ 9l+1 K 

On the other hand, each summand of — yi pv 91 B^ 1 ^ 2p+1 ^ l9l+1 ^ is a Smith morphism 
image of ([6]). The same argument applies to each summand of —u\ x y \v 92 

Finally, note that each term in the sum —u\ x y \V 92 is a Smith morphism 

image of pv 92+9l+1 [l,p 9 i] and we have proved that this term is zero modulo d 3 (low). 
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The theorem follows for k = 2. It is not difficult to verify that the theorem can be 
proved for low values of k using the same techniques. Now suppose that k > 6; by 
Remark [53] we have that dk+i(p\p, (pk + l)gi + 1] + low) is equal to: 

Viv" (S£L<? +1)91+1] - P^t' 11 + P fc p fc -5(0)< (2fc - 5) ^[l,%i + 2^]). 

It is easy to verify that modulo dk+i(low) this term is equal to: 
yiV sn {(_i)fc+i(^_ 5 ( ) Cfc (l)-^ : i(l^^ 

(-i) fc+1 (pt 5 (0)4(i) - p^(l)K* + V^> [1,1]}. 
Since the coefficient 0^+2 — 1 f° r an y 2, the following holds: 

pL 5 (o)c*(i) -rki(i) = eVm (Ed k - t (o)) 

i=i \t=i j 

fc-4 

= £(« + l)a fc _ 5li + (fc-2). 

i=l 

pt 5 (0)4(l) -p k k Z 2 5 (l) = E«H,i(i + l)a fc _ 6 ,i + (fc- 3). 

i=i 

Adding a suitable multiple of 9j. + i([l,^ + (k + l)gi + 1]), we obtain: 

d k+1 (p\p, (pk + 1)^ + 1] + low) = (-l) k+1 yi uZ k+1 v {kp+2)9 '[l, 1]. 

□ 

Proposition 5.6 VFe have that <9fc + i([a, kgi] + low) = 0. 

6 Sharper relations in ku*(Ij p 2). 

In order to prove Proposition 15.61 we need a sharper description of the elements of 
p fc -torsion in F ®ku, ku^iTLpi). This section is focused in the construction of certain 
polynomials that will be useful in the combinatorics of the non filtered differentials 
of the spectral sequence we are dealing with. Some of this polynomials were used in 
[I]. We begin this section establishing an easy result about the behavior of "low " 
filtration terms with u high n p-divisibility. We analyze the terms with ^-divisibility 
in order to construct a stronger version of Theorem 14.21 For this purposes we will 
define a new family of polynomials. In this section for < i < p 2 — 1 we will denote 
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by cij = Wip^v 1 the z-th coefficient of the [p 2 ]-series. Here Wi G ku* is a unit; as in 
the other sections U\ denotes the unit w v -\. 

For < k < g 2 we define qk(xi, ■ ■ ■ , Xk) G %(p)[ x ii ■ ■ ■ , x k\- We set g — — 1 an d: 



. . . ,x k ) = 



fc-1 

- Yl x k - i q i (x l , . . . ,Xi) for f < k < p - 2 

i=0 
p-2 

-J2 x k-iqi( x i,---, x i) for p-l<k<p 2 -l 

i=0 



For < i < p — 2 we will denote by: 

Q? = q i (w 1 ,w 2 , ...,Wi). 
Suppose 3 < n < p + f . Let < t < p — f and < i < p — 2. We define: 

p-2 



-[0] [0] [0] 

fc=0 



Here the polynomial g ° = q k \i {i — t) = k mod p with < k < p — 2 and it is 
zero if (i — t) = p — 1 mod p. 

For < z < p — 2 and < t < n - 3 we define: 

~[i] -Vo [0] o [0] 

y(t+i) gl +i - z^ q i-k y (t+i)gi+fc- 

fc=0 

And for < z < p — 3 we define: 

p-2 



[0] -[0] 

? (t+l)gi+ ff i+i — ^ 9 (t+l)gi+(<?i+i-fc)- 



fc=i+l 



For 2 < s < ?7,—2 we denote by the set of s-partitions of r, with s < r < n—2. 
For an element i G H s r with t = (k±, . . . , k s ) and for < i < s{p — 2) we define: 



t=o 



where %' = min(i,p — 2). 
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If we denote by s' = s{p — 2) + 1 and take < i < p — 3 we define the polynomial: 

p-2 

a [s] = V a m a [s ' 1] 
^L+s'+i / j y kigi+fc y t'+s'+j-/c- 

fc=i+l 



Here */ G H s -i iT -ki an d is given by t' = (A;2, . . . , k s ). The polynomials are 
defined by induction. 

We define for < i < p — 3 the polynomial: 

p-2 

Vg2+i ~ 1^ q k W 92-k+i- 
k=i+l 

Recall that g 2 — p 2 — 1. 

The unique element of set if n;Tl will be denoted by t n — (1, . . . , 1). 

A direct calculation proves that for n > 1, the polynomial g n ' = (— We 
can use an easy inductive argument to prove the following result. 

Lemma 6.1 For k > 3 we have: 

p-2 

p k [a, k 9l ] = tif- 1 ?]*" 2 W k - 1)91+ >, 9i - i\- 

i=0 



in the tensor product F ®ku, ku^^L v i). 



Theorem 6.2 For 3 < n < p+ 1 £/ie term p 2 [a, npi] G F ®ku, ku*(Z p 2) is equal to: 
EE^-iffiV*^" 1 ^ - %i " + fc " 1)] 

fc=l ?=o 
n-2 i 

+ EEE i/n-j-i.n-t-ito, (n - k)gi - t - (i + k - 1)]. 



i!tere £/ie term H n _j_ ln _ t _i denotes the sum: 

r [n-j-l] ,+kp+i-l 



t nj 



fc=l j=0 t 

w/jere n 3 - = (n - - 2 ) and t G H n _j_^ n _ t _ x . 
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Proof: We proceed by induction on n. It is not difficult to verify that by the relation 
imposed in the second factor we have the following equality: 

p-2 f0 , 

p 2 [a, 3gi] = E u m pv 9l+l [a, 2g 1 - i\ 

i=Q 

+ Eq [ S + iP 2 v 91+i [a,2g 1 -i] (8) 

i=0 

+ E Ui?]V P _ilw 2p - 1+i [a, 1)] 

i=0 

We know by Lemma 5.2 of [1] that: 

p-2 

p 2 [a, 2gi] = ^ uiqf ] pv 9l+l [a, gi-i]. 

i=0 

Using this expression we obtain that: 

p-2 
fc=0 

Therefore the second row of the expression (jSJ) is equal to: 

p-2 i 



i=0 fc=0 

By the definition of the polynomials ?g 1+ fc we have that: 

p 2 [a, 3 5l ] = E Ew k p-iqf ] pv kp+i - l [a, (3 - k)g 1 — (i + k — 1)] 

k=0 i=0 

+ E 9g 1+ i/w 25l+t [a,^i - i] 

i=0 

Since u> p _i = U\ and ffii = {(1)} the result follows for n = 3. We suppose the 
result valid for 3 < n < p+ 1. We have that p 2 [a, (n + l)<7i] is equal to: 

n p—2 

E E Wkp^q^pv^+^-^a, (n-k+ l) gi — (i + k — 1)] 

fc=0 i=0 

P-2 p-2 



+ E q [ g 1+ iP 2 v 91+i la, ngt - i] + E ?!2 1+ ;pV 91+i h (n - l)#i - i] 

i=0 i=0 
+ ... 

+ E q l $-2) gl+ iP 2 v {n - 2)91+i [a,3 gi -i] + E g[ n L 1)gl+ ^ 2 ^ (n - 1)91+l [a,2<?i - i] 

i=0 i=0 

22 



By Lemma 5.2 of jl] we have that p 2 [a, gi] = 0. Also note that depending on the 
value of p some terms can be zero. Therefore we have for 1 < k < n — 2: 



p-2 

£ ?Ll + ^ V9l+ >, {n-k+ l)gi - i ] 

io=0 

is equal to: 

P-2 rnl n-k p-2 

E 9Lg 1+40 vfe9l+4 ° E E w tp -i<V P+il ~>> (n - - t + -(io + ii+t- 1)] 

i =0 t=l ii=0 

P-2 n-k-1 j 

+ E ?lg 1+i0 ^ 5l+4 ° E E E tf^-An-fc-tk (n - fc )<fc - i - (io + i + k> - 1)]. 
i =0 3=1 t=i 

Here 1 < fc < £ is the parameter that arise from the sum H n _k-j, n -k-t- 
On the other hand we have the following: 

P-2 p-2 2(p-2) 2(p-2) 

V V a [0] a [0] = V V a [0] o [0] = V o [1] 

Z^ Z^ y kgi+io^i Z-^i L^i y kgi+io y U Z^ ^kgi+i- 

«o=Oii=0 i=0 io+ii=i i=0 

For fixed natural numbers 1 < j < n — k — 1 and 1 < £ < j we have: 

p-2 p-2 f ( n + 1 ) fe+J 

io=0 «o=0 fc'=l ii=0 t 

Here i G H n _ k -j,n-k-t- Therefore, for 1 < fc' < £ we have: 

P-2 (n+l)fc+i («+2) fc+J 

5i+»o "t+ii 



V" V" \^-[0] -[n-k-j] _ -[0] -[n-k-j] 

Z> Z^ Z^ y k gl +i «i+ti ~ Z^ Z^ Z^ y k gl 

io=0 ii=0 t t i=0 iQ+ii=i 

Since < i < p — 2 and < i\ < (n + l)fc+j> for a fixed t G H n _ k _j >n _ k _ t : 

(n+2) k+j 



T [0] -[n-k-j] _ ^[n-k-j+1] 

il+i 

i=0 io+i\=i 



V V a [0] o [n " k_jl - o 1 

/ , / , ^kgi+io «H-ii 



Here t a = (k, l) G # n _ fc _ j+ i in _ t and < z < (n + 2) fc+j . 

Note that for a given element k G ff n _j jn _t with 1 < j < n — 2 and 1 < £ < j, if 
« = (ai, a 2 , . . . , ctn-j), then (a 2 , . . . , dn-j) G #n-j-i,n-t-ai , and since 

1 < ai < n - £ - (n - j - 1) = j - £ + 1 
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there exist 1 < h < n — 2 such that: 

K = (k,Kf) With k' G Hn-j-^n-t-^. 

p-2 

Finally note that J2 <Z (n-i) gl +j p 2 v ( - n ~ 1 ^ 9l+t [a, 2gi — i] is equal to: 

i=0 

p-2 p-2 p-2 

E E «^(li)«t-Ho ?IV n91+i0+il [a, 9i ~ (io+*i)] + E «i9 (Ii) gl+ ^ n9l+i [^ 

io=0 «i=0 i=0 

This completes the proof of the theorem, since the set H n _i n _i has one element. □ 
Now we analyze the p 2 -torsion elements of arbitrary filtration. For natural num- 
bers s and r > p + 2 we denote by r the set of s-partitions of r, whose entries 
are less or equal to p + 1. For an element i & H' sr and < z < (s + l)(p — 2) we 

can define the polynomial q\h, using the polynomials constructed in the beginning 
of the section. 

An easy consequence of Theorem 16.21 is the following result. 
Corollary 6.3 For n > p + 2 the element p 2 [a, ngi] is equal to: 

E T, ™fep-i?jV* p+ *~ 1 [a, (n - k)g x - (i + k — 1)] 

fc=l i=0 
n-2 j 

+ E EE^-i-i,n-t-ik (n - - t — (i + fc — 1)] 
i=l t=i 

p-2 

+ E M 2?f J V p2+l ~ 1 [« 1 - </2 - *] 
i=0 

n— p— 2 j 

+ E J2z~2K-p-j-i,n- P -t-ih n 9i- 92- L-i] 

3=1 t=l 



Here the term ^ Hn-j-i,n-t-i denotes the sum: 

t nj 

2^ 2^ 1 q M-i ^ 



fc=l i=0 t 



w/iere re,- = (n - j)(p - 2) and l G fl^-i-i.n-t-i- T/ie term E #n- P -j-i,n- P -t-i " 
eoim/ to: 



EE M2 ffW -11 ^ 1 

i=0 t 

w/iere nj = (n - j)(p - 2) and i G H' n -p-j-i,n-p-t-v 
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Proof: (Proof of Proposition 15.61) Note that we can take a = ng\ for some natural 
number n. Let us consider the following sum: 

n-l 

E d k+i {u^ l y[[(n - i)g u (k + i)gi\) 

i=0 

71—1 f I \ \ 

+ E d k+ i (u- {l+2) y\y 2 v^-^\{n - i) 9l -g 2 ,(k + i + 2) gi }) 

n— 1 / \ 

+ E d k+ i [u- {t+k) y[y k v^- k ^[(n - i) Ql - g k , (2k + i) 9l ]) + d fe+1 (SM). 
i=0 v ' 

Here SM denotes elements that are Smith morphism images of the first rows. Using 
Corollary 16.31 it is not difficult to verify that this sum is equal to: 

% W E qf ] v^- k ^ +i [n gi - g k , (k + l) 9l -g 2 -i\ 

i=0 
p-2 

+ ufu 2 yiy k E q? i v">+t»- k * +i [(n - l) gi - g k , (k + 2) 9l - g 2 - i] + ■ ■ ■ + 

i=0 
i=0 

+ y k+ iv 9k + 1 [ng l - g k+l , kg x ] + v^ 1 y 1 y hJr . 1 tfi h + 1 [{n - l)gi - g k+ i, (k + 1)^] H h SM. 

Now we will prove that each of these terms are image under d k+ \ of "loud' filtration 
terms. 
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